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Abstract: In population-based optimization algorithms (POAs) such as particle swarm optimization (PSO), if landscape
modality of an objective function can be identified, strategies of the POAs can be selected properly. We have proposed a
method that estimates the landscape modality by sampling some points along a line and counting the number of changes
in the objective values from increasing to decreasing and vice versa. In the method, the range of sampling on the line
cannot be decided when the width of the search points in a dimension is zero. In this study, we propose to determine
the range using inner products and also we propose to select a proper strategy according to the landscape modality: The
gbest model is selected in unimodal landscape and the Ibest model is selected in multimodal landscape. Also, a simple
parameter selection for unimodal landscape is introduced. The advantage of the proposed method is shown by solving
various problems including unimodal and multimodal problems and by comparing the results of the proposed method

with those of the gbest and Ibest model of PSO.
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1. INTRODUCTION

There exist many studies on solving optimization
problems using population-based optimization algo-
rithms (POAs) in which a population or multiple search
points are used to search for an optimal solution. For
example, swarm intelligence algorithms inspired by col-
lective animal behavior have been studied such as particle
swarm optimization (PSO)[1, 2] and ant colony optimiza-
tion. In general, POAs are stochastic direct search meth-
ods, which only need function values to be optimized, and
are easy to implement. For this reason, POAs have been
successfully applied to various optimization problems.

In this study, PSO is adopted as a POA. There are two
models or movement strategies in PSO: the gbest model
where each search point or a particle moves toward the
best point in the population and the /best model where
each search point moves toward a best point in the neigh-
bor points. It is known that the gbest model can solve uni-
modal problems efficiently but the strategy cannot solve
multimodal problems stably and the search by the strat-
egy is sometimes trapped at a local optimal solution. In
contrast, it is known that the lbest strategy is robust to
multimodal problems but the strategy cannot solve uni-
modal problems efficiently. However, the landscape of a
problem to be optimized is often unknown and the land-
scape is changing dynamically while the search process
proceeds. Thus, it is difficult to select a proper strategy.

We have proposed a simple method that detects the
modality of landscape being searched: unimodal or
multimodal[3-6]. In the method, some points on the line
connecting between the centroid of search points and the
best search point are sampled. However, in the method,
the range of sampling on the line cannot be determined

1 Tetsuyuki Takahama is the presenter of this paper.

when elements of search points in a dimension are same,
or width of the search points in a dimension is zero. In
this study, we propose to determine the range using a pro-
jection of search points onto the line, where the projection
is obtained by inner products.

When the objective values of the sampled points are
changed decreasingly and then increasingly, it is thought
that one valley exists. If there exists only one valley or
the landscape is unimodal, the gbest strategy is adopted.
In this case, it is expected that the strategy can realize
efficient search. If the number of valley is greater than
one, the lbest strategy is adopted. In this case, it is ex-
pected that the strategy improves the divergence of the
search and prevents premature convergence. The effect of
the proposed method is shown by solving 13 benchmark
problems including unimodal problems and multimodal
problems.

In Section 2, related works are briefly reviewed. De-
tecting landscape modality is explained in Section 3. The
optimization problem is defined and PSO is described in
Section 4. PSO with detecting landscape modality is pro-
posed in Section 5. In Section 6, experimental results on
some problems are shown. Finally, conclusions are de-
scribed in Section 7.

2. RELATED WORKS

Many studies on strategy selection and parameter tun-
ing have been done in order to improve the efficiency.
The studies can be classified into two main categories:
observation-based and success-based control[3-5].

1. observation-based control: The current search state is
observed, proper strategies or parameter values are in-
ferred according to the observation, and strategies and/or
parameters are dynamically controlled[7, 8].

2. success-based control: It is recognized as a success



case when a better search point than the parent is gener-
ated. The strategies and/or parameters are adjusted so that
the values in the success cases are frequently used. It is
thought that the self-adaptation, where strategies and/or
parameters are contained in individuals and are evolved
by applying evolutionary operators to the parameters, is
included in this category[9-12].

In the category 1, it is difficult to select proper type
of observation which is independent of the optimization
problem and its scale. In the category 2, when a new good
search point is found near the parent, parameters are ad-
justed to the direction of convergence. In problems with
ridge landscape or multimodal landscape, where good
search points exist in small region, parameters are tuned
for small success and big success will be missed. Thus,
search process would be trapped at a local optimal solu-
tion.

In this study, we propose a new observation-based con-
trol in the category 1. As a problem independent obser-
vation, landscape modality is adopted and it is estimated
whether the problem is unimodal or multimodal using
sampling. It is thought that a proper strategy or algorithm
parameters can be selected if the landscape modality can
be identified.

3. DETECTING LANDSCAPE
MODALITY USING INNER
PRODUCTS

Search points in a current population or a set of search
points P = {x;[i = 1,2,---, N} are used to detect
landscape modality using sampling[3, 4], where N is the
number of search points or population size.

3.1. Sampling

The objective values are examined along the following
line, which connects the centroid of search points 9 and
the best search point a°.

x = 9+ \Nab—29) (1)
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where ) is a parameter for deciding the position of a point
on the line.

In [3-5], the range of sampling is defined by the hyper-
rectangle that is spanned by the search points. The range
of A is calculated as follows:
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where """ and 2*** are the minimum and maximum
value of the j-th dimension in the hyper-rectangle. There-
fore, the range of sampling on the line cannot be deter-
mined when elements of the search points in a dimension
are same, or width of the search points in a dimension is
Zero.

In this study, we propose to determine the range using
a projection of the search points onto the line. Consider
a difference vector from the centroid to a search point
(z; — x9). The projection of the difference vector onto
the line is given as follows:
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where 6 is an angle between the difference vector and the
line, “” is an inner product and ||z|| is a norm. Thus, the
A to the projection can be defined as follows:
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The range of A is defined as follows:
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In order to decide M sampling points {xy|k =

1,2,-+-, M}, A is given as follows:
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Figure 1 shows an example of the sampling, where search
points are shown by black circles, the centroid is shown
by a white circle, sampling points are shown by triangles
in case of M = 6.

X, N
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Fig. 1 An example of sampling for detecting landscape
modality

3.2. Landscape Modality

In the obtained sequence {f(zx)|k = 1,2,---, M},
hill-valley relation is examined. For each point, the func-
tion dir(-) is introduced in order to judge whether the
change is increasing or decreasing:

1 (f (zrt1) > f(21))
dir(zx) = —1 (f(zr1) < flzx)) (D
dir(zg—1) (otherwise)

Figure 2 shows an example of detecting unimodal land-
scape, where the objective values are shown by the func-
tion of A.



Fig. 2 An example of detecting unimodal landscape

The landscape modality is identified using the number
of changes in dir function. If the value of dir changed
from -1 to 1 only once or there is no changes, it is thought
that one valley exists and the landscape is unimodal. Oth-
erwise, the landscape is multimodal.

4. OPTIMIZATION PROBLEMS AND
PARTICLE SWARM OPTIMIZATION

4.1. Optimization Problems

In this study, the following optimization problem (P)
with lower bound and upper bound constraints will be
discussed.

(P) minimize f(x) (12)
subjectto I; <x; <wy, i=1 n

P 2

where © = (1,22, -+, 2,) is an n dimensional vector
and f(x) is an objective function. The function f is a
nonlinear real-valued function. Values [/; and u; are the
lower bound and the upper bound of z;, respectively.

4.2. Particle Swarm Optimization

An animal such as an ant, a fish, and a bird has lim-
ited memory and ability to perform simple actions. In
contrast, a group of animals such as an ant swarm, a fish
school, and a bird flock can take complex or intelligent
actions such as avoiding predators and seeking foods ef-
ficiently. Swarm intelligence is defined as the collective
actions of agents that act autonomously and communi-
cate each other. PSO[2] is a swarm intelligence based
optimization method which was inspired by the move-
ment of a bird flock. PSO imitates the movement to solve
optimization problems and is considered as a population-
based stochastic search method or POA.

Searching procedures by PSO can be described as fol-
lows: A group of agents minimizes the objective function
f. At any time ¢, each agent ¢ knows its current posi-
tion ! and velocity v!. It also remembers its personal
best visited position until now «; and the objective value
pbest;.

*

x; = arg min f(z]) (13)

pbest; = f(x]) (14)

Two models, gbest model and Ibest model have been pro-
posed. In the gbest model, every agent knows the best
visited position x¢, in all agents and its objective value
gbest.

xry = argmin f(x]) (15)
gbest = f(xg) (16)

In the Ibest model, each agent knows the best visited po-
sition ] in the neighbors and its objective value lbest;,
where [ is the best visited position in the neighborhood.

*

x = arg;relg}f(wZ) amn
lbest; = f(x}) (13)

where N; is the set of neighbor agents to i. The velocity
of the agent ¢ at time ¢ 4 1 is defined as follows:
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+ carandy; (z]; — xf])
where [ = G in the gbest model, w is an inertia weight
and randy;; is a uniform random number in [0, 1] which
is generated in each dimension. c¢; is a cognitive pa-
rameter, co is a social parameter which represent the
weight of the movement to the personal best and the
group/neighbors best respectively.

The position of the agent ¢ at time ¢ + 1 is given as
follows:

it =zt olt? (20)

4.3. Algorithm of PSO

The algorithm of PSO is defined as follows:
1. Initializing agents: Each agent ¢ with a position ; and
a velocity v; is created. x; is randomly generated in the
search space, where each element z;; is a uniform ran-
dom number in [l;, u;]. v, is the zero vector where every
element v;;=0 in this study. The best visited position is
set to the initial position, namely x;=x;.
2. Selecting the best agent: The id of the best agent G is
decided.
3. Stopping if a termination condition is satisfied: The
algorithm is stopped when the number of function evalu-
ations reaches F'F,,, 4.
4. Updating agents: The position and velocity of each
agent ¢ are updated according to Eq.(19) and Eq.(20), re-
spectively. The each element of the velocity is truncated
in [~Vinaz; , Vimas, |- If the objective value of the new po-
sition is better than the personal best value, the personal
best visited position is replaced with the new position. If
the objective value of the new position is better than the
group best value, the group’s best visited position is re-
placed with the new position.
5. Go back to 3.

5. PROPOSED METHOD

In this section, a method of selecting a movement strat-
egy dynamically is proposed for PSO.



5.1. Strategy selection and parameter selection

In general, if divergence of agents is kept to realize a
global search, it can be avoided to be trapped at a local so-
lution but the efficiency of the search will be reduced. If
convergence of agents is enforced to realize local search
around the best agent, the efficiency of the search is im-
proved but the search will be trapped at a local solution.

In PSO, the gbest model can realize the local search
and the lbest model can realize the global search. In
the Ibest model, the neighborhood of agents is defined
as a topology such as star topology, ring topology, mesh
topology, and so on. In this study, the ring topology is
adopted, where agents are connected in the order of the
agent numbers. The neighborhood size Npeighpor 1S an
important parameter in the Ibest model. Small neighbor-
hood size strengthens the global search and large neigh-
borhood size strengthens the local search. When the size
is same as the population size, the lbest model becomes
the gbest model. In this study, the gbest model is se-
lected for unimodal landscape and the lbest model with
Nhpeighvor = 5 including the agent itself is selected for
multimodal landscape.

Also, it is thought that convergence of search points is
accelerated by small w. In this study, small w is selected
for unimodal landscape.

5.2. Proposed algorithm

Figure 3 shows the proposed algorithm named
LPSO(PSO with detecting Landscape modality), where
Ty, is the interval of iterations when landscape modal-
ity is estimated, N4 1S the neighborhood size for the
global search, and NV};4. is the neighborhood search for
the local search. Lines with *+’ at the first column are the
modification to standard PSO.

If the number of direction changes from decreasing
to increasing and vice versa is 1 or zero, the landscape
modality is estimated as unimodal. However, the esti-
mation should be done carefully because the sampling is
done in a small region and the number of sampling points
is small. Thus, the number of successive unimodal esti-
mations is counted and if the number is equal to or greater
than N1 the landscape is identified as unimodal and
the gbest model and small w = Wynimodal are adopted.
Otherwise, the lbest model and standard w = wq are
adopted.

6. SOLVING OPTIMIZATION
PROBLEMS

In this study, well-known thirteen benchmark prob-
lems are solved.

6.1. Test Problems and Experimental Conditions

The 13 scalable benchmark functions are shown in Ta-
ble 1[11]. All functions have an optimal value 0. Some
characteristics are briefly summarized as follows: Func-
tions f1 to f, are continuous unimodal functions. The
function f5 is Rosenbrock function which is unimodal
for 2- and 3-dimensions but may have multiple minima

Initialize P;

Evaluate all = in P;

G=argming; gz, cpy f(x:)

+unimodal=0;

for (t=1;t < T;t++) {

+  if (t8Tp==1) {

+ changed=landscape modality of P;
+ if (changed==0 || changed==1) unimodal++;
+ else unimodal=0;

+ }

+ if (unimodal>Ngapie) {
+ Nneighbo'r:Nlarge? W=Wynimodal 7
+

+

+

+

else {
} Nneighbor=Nsmall; w=wo ;
for (each agent ¢ in P) {
l=best agent in i’s neighborhood
of size Nneighbor;
for (each dimension j) {
vij=wv;;jteirandy;; (ac;‘jfxij)
+czrand2ij (xl*].fxij) ;
if (Uij>Vrﬂan ) 'Uij:VmaxJ- 7
else if('vij<_‘/maxj) 'Uij:_v;naxj;
xij:xij+vij;
}
Evaluate x;;
if (f(xs) < f(=7) {
if (f(mi) < fog)) G=i;
TI=T;;
}
}
}

returns :BE as the best solution;

Fig. 3 Algorithm of LPSO

in high dimension cases[13]. The function fg is a dis-
continuous step function, and f7 is a noisy quartic func-
tion. Functions fg to fi3 are multimodal functions and
the number of their local minima increases exponentially
with the problem dimension[14].

Independent 50 runs are performed for 13 problems.
The dimension of problems is 30 (D=30). The maxi-
mum number of evaluations F'E\,,,x is 200,000. The pa-
rameters of PSO are selected according to [16]: Num-
ber of agents N = 30, wg = 0.729, ¢ = ¢ =
0.729 x 2.05 = 1.49455 and Vipay;, = 0.5(u; — Ij).
The parameters of LPSO are: The number of sampling
points M = N, Ty, = 500, Ngtapie = 5, Nigrge = N
and Wynimodal = 0.95wo for unimodal landscape, and
Ngman = 5 for multimodal landscape.

6.2. Experimental Results

The performance of four algorithms, gbest model
PSO, lbest model PSO, LPSO without parameter se-
lection (LPSO-w) and LPSO with parameter selection
(LPSO) are compared. Table 2 shows the experimental
results. The mean values and standard deviations of best
objective values over 50 runs are shown in the top row
for each function. The number of success runs, where the
algorithm can find the near optimal value less than 10~7,
is shown in the bottom row. The best results among all
algorithms are highlighted using bold face fonts.



Table 1 Test functions of dimension D. These are
sphere, Schwefel 2.22, Schwefel 1.2, Schwefel 2.21,
Rosenbrock, step, noisy quartic, Schwefel 2.26,
Rastrigin, Ackley, Griewank, and two penalized
functions, respectively[15]

Test functions Domain
fi() =317 a2 [—100, 100]P
fo@) =>7 | il & I, Jzd [—10,10)7
B =S (Syam) o
fa(z) = max;{|;|} [—100, 100]P
fs(x) = [-30,30]°
i_l [100 Tip1 — )%+ (z — 1) ]
fo(x) = Zi:l |z; 4 0.5]2 [~100, 100]P
fr(®) = . iz} 4+ rand[0, 1) [~1.28,1.28]P
ﬁémg)s g 7275& ggl o \/@ + Do\ (500,500
fo(x) = [-5.12,5.12)P
Z?:I [ 2 —10cos(27;) + 10]
fio(x) = [-32,32]P
20exp( \/DZZ 1 1)
— exp (% Zil cos(27rxi)) +20+e
fii(z) = [-600, 600]°
WIOOZZ1$1271_L‘D1COS(\[> +1
fi2(z) = [-50,50]”
B10sin?(ryn) + Y0 i - 1)?

{1 + 10sin®(ryiy1)} + (yp — 1)?]

+3°7  u(x, 10,100, 4)
wherey; = 1 + %(zl +1)
and u(z;,a,k,m) =

(-"Uz - a)m T > a
{ —a<z;<a
k(—z; —a)™ z; < —a

fis(z) = [-50, 50]P

0.1[sin®Bra1) + Yo (2 — 1)
{1 + sin?(B3rx;i1)} + (zp — 1)2
{1 + sin?2nzp)}]

D
+ Zizl u(z;, 5,100, 4)

The gbest model PSO attained best results in unimodal
functions f>. Also, the gbest model attained best results
in multimodal functions f5, fs and fg. It is thought that
the gbest model is suitable not only to unimodal functions
but also to functions where search points need to move a
fairly long distance such as f5 and fs. The lbest model
PSO attained best results in multimodal functions f1, and
f13, and in the step function fg. LPSO without parame-
ter selection attained best results in multimodal functions
f10 and f11, the step function fg, and the noisy function
f7. LPSO with parameter selection attained best results in
unimodal functions f1, f3, f4. Also, LPSO attained best
results in multimodal functions f11, the step function fg,
and noisy function f7.

It is thought that LPSO without parameter selection
will show the intermediate performance between the
gbest model and the lbest model. Nevertheless, LPSO
without parameter selection attained best results in four

functions. Thus, it is shown that dynamic selection of the
gbest model and the lbest model can attain better result
than pure gbest or Ibest model. PSO with parameter se-
lection attained best results in unimodal functions such
as f1, fs and fy because convergence to the best solu-
tion is accelerated by using small w. It is thought that the
parameter selection is effective to unimodal functions.

LPSO attained better results in 9 functions compared
with the gbest model. LPSO attained better results in 9
functions and one same result compared with the Ibest
model. LPSO attained better results in 4 functions and
6 same results compared with LPSO without parameter
selection.

LPSO did not get the worst rank among four algo-
rithms in all functions. The average ranks of the gbest
model, the Ibest model, LPSO-w and LPSO are 2.54,
3.15, 2.27 and 2.04, respectively. LPSO attained the best
performance as for the average rank.

The average success runs over 13 functions in the
gbest model, the lbest model and LPSO are 21.00, 20.46
30.00 and 30.38, respectively. LPSO attained the best
performance as for the average success runs.

Therefore, it is thought that LPSO showed the most
stable performance.

7. CONCLUSIONS

It is difficult to select a proper optimization strategy,
because the proper strategy depends on the optimization
problem and also on landscape currently being searched.
In this study, in order to select a proper strategy of PSO
dynamically, a dynamic selection of strategies is pro-
posed where the gbest model is selected in unimodal
landscape and the lbest model is selected in multimodal
landscape. Also, a simple parameter selection in uni-
modal landscape is introduced. Various 13 functions are
solved and the results are compared with those of the
gbest and Ibest models of PSO. It was shown that the pro-
posed method often outperformed the pure models and
attained the most stable performance.

In the future, we will apply the dynamic selection of
strategies to various algorithms. Also, we will apply the
dynamic selection of algorithms such as an algorithm in
unimodal landscape and another algorithm in multimodal
landscape.
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